In this paper, we derive the analytical solution of a satellite orbit disturbed by atmospheric drag. The disturbance force vector is first transformed and rotated to the orbital frame so that it can be used in the simplified Gaussian equations of satellite motion. Then, the force vector is expanded to triangular functions of the Keplerian angular elements and the disturbances are separated into three parts: short-periodic terms with triangular functions of M, long-periodic terms with triangular functions of (ω, i) and secular terms [non-periodic functions of (a, e)] with a program using mathematical symbolic operation software. The integrations are then carried out with respect to M, (ω, i) and t, respectively, to obtain the analytical solutions of satellite orbits disturbed by atmospheric drag. Some interesting conclusions are obtained theoretically. The atmospheric disturbance force is not a function of . The semimajor axis a of the orbital ellipse is reduced in a constant and strong manner by the air disturbance; the shape of the ellipse (eccentricity e) changes towards a more circular orbit in a linear and weak manner. The right ascension of the ascending node and the mean anomaly M are influenced by the disturbance only short periodically.
. Radial and its perpendicular components of atmospheric drag force in the orbital plane.
D I S T U R BA N C E F O R C E O F AT M O S P H E R I C D R AG
Atmospheric drag, caused by air, is a disturbance force acting on a satellite's surface and can be represented as (see, for example, Battin 1999; Montenbruck & Gill 2000; Kaula 2001; and equation 4.75 of Xu 2008) f drag = −m 1 2
Here, S is the cross-section (or effective area) of the satellite, C d is the drag factor, m is the mass of the satellite,ṙ andṙ air are the geocentric velocity vectors of the satellite and the atmosphere, respectively, and σ is the density of the atmosphere. Usually, S has a value of 1/4 of the outer surface area of the satellite, and C d has laboratory values of 2.2 ± 0.2. The unit vector n a is in the direction of the drag force. r and r air are the lengths of the related vectors. Using ξ to represent the coefficient part of the drag force vector, equation (1) yields
The disturbance of the atmospheric drag on the satellite can be solved by using Gaussian equations of motion. The drag force vector has to be rotated from the Earth-centred space-fixed (ECSF) frame to the orbital coordinate frame by (cf. 
Here, (f r , f α , f h ) T is a force vector with three orthogonal components in an orbital plane coordinate system. The first two components are in the orbital plane, f r is the radial force component, f α is the force component perpendicular to f r and pointed in the direction of satellite motion (see Fig. 1 ) and f h completes a right-handed system. f = (f x , f y , f z ) T is the same force vector in the ECSF system. R k is the rotational matrix around the axis k. The Keplerian elements a, e, ω, i, , M and f are the semimajor axis, the eccentricity of the ellipse, the argument of perigee, the inclination angle, the right ascension of the ascending node, the mean anomaly and the true anomaly, respectively. The satellite's position and velocity vectors in the orbital frame are (see Battin 1999; Montenbruck & Gill 2000; Kaula 2001; and equations 3.41 and 3.42 of Xu 2008) 
Here, E is the eccentric anomaly and n is the mean angular velocity. The vectors can be rotated from the orbital frame to the ECSF frame by (see Battin 1999; Montenbruck & Gill 2000; Kaula 2001; and equation 3.43 of Xu 2008) :
The atmospheric velocity vector in the ECSF frame is given in equation (4.76) of Xu (2008):
Here, ω e is the angular velocity vector of the Earth's rotation (the subscript 'e' is used to distinguish the Earth's angular velocity from the Keplerian element ω), ω e = |ω e |, and K is the atmospheric rotation factor. For the lower layer of the atmosphere, K = 1 (i.e. the lower layer of the atmosphere is considered to be rotating with the Earth). For the higher layer, K = 1.2, because the higher ionosphere is accelerated by the Earth's magnetic field. For convenience in later use, a matrix R 4 is defined in equation (7). Thus, in the ECSF frame there iṡ
The vector can then be rotated to the orbital frame using equation (3). We denote the following matrix as R and its elements as R km :
Noting that the length of a vector is invariable under rotational transformations, we have the atmospheric drag force vector in the orbital frame:
The force vector (10) is represented completely in Keplerian elements and therefore can be used in Gaussian equations to solve the problem.
S I M P L I F I E D G AU S S I A N E Q UAT I O N S A N D E X PA N S I O N S O F AT M O S P H E R I C D R AG F O R C E
For convenience, the term n (the mean angular velocity of the satellite) in the last formula of the Gaussian equations (see Battin 1999; Montenbruck & Gill 2000; Kaula 2001; and equation 4.26 of Xu 2008 ) is omitted. Denoting u = ω + f and
we have the simplified Gaussian equations da 1 dt = e sin ff r + (1 + e cos f )f α ,
After the differential equation system (13) is solved, the final results of equation (12) can be obtained. The divisor (1 + e cos f ) can be expanded by using (Wang et al. 1979; Bronstein & Semendjajew 1987) (
The vector part of equation (10) can be further simplified by noting the antisymmetric property of R (see equation 9) According to the geometric relations of the vectors, we have (see Fig. 2 )
Here, α is the angle between the geocentric velocity vectors of the satelliteṙ and the airṙ air , and cos α is the inner product of the two related unit vectors. Furthermore, we have (see equations 15 and 16)
For convenience, the right-hand side of equation (20) is denoted as β. Equation (20) shows a very interesting property of atmospheric drag disturbance (i.e. the projection of the satellite velocity vector onto the atmospheric velocity vector is a cosine function of the inclination angle i). For a polar orbit, β = 0, this means that the two vectors are perpendicular to each other. We can also see here that the disturbance of the atmospheric drag is not a function of the Keplerian element . Using the expansion formula (Wang et al. 1979; Bronstein & Semendjajew 1987 )
we obtain
All the divisors above can be expanded using the formulae already given, depending on the required precision of the approximation. The atmospheric disturbance only needs to be considered if the altitude of the satellite is lower than 1000 km. For a LEO satellite, such as CHAMP or GRACE (an orbit height ≈400 km with an eccentricity of ≈ 10 −3 ) the ratio of the velocities of the atmosphere and the satellite is smaller than 0.0785. Thus, for second-order solutions the approximations are precise enough if we neglect the e 2 and (ṙ/ṙ air ) 3 terms. Therefore, under these circumstances, we havė
S H O RT-P E R I O D I C S O L U T I O N S
For convenience, for the integration with respect to time t, the following functions are used to transform the triangular function of the true anomaly f to the mean anomaly 
Here, terms smaller than e 2 are neglected. Substituting equations (23) and (16) into equation (10) allows the force vector to be represented completely by Keplerian elements. The simplified Gaussian equations of satellite motion (13) can be transformed in terms of cos m f sin k f and then {cos mM, cos kM, sin mM, sin kM} using equation (24). They can be further reduced to a functional series of {cos mM, sin kM}, which can be integrated with respect to M to obtain the short-periodic terms of solutions (the relation M = nt is used). The terms that have nothing to do with M can be reduced to triangular functions of (kω + mi) and secular terms (non-periodic terms; k and m are integers). These transformations can be carried out with a program using mathematical symbolic operation software, such as MATHEMATICA or MAPLE. The form of the equations of motion is then
where σ with index 1j denotes the jth Keplerian element in equation (13), and D, b and c are functions of (a, e, ω, i). 
where ξ D j denote the integrals of the long-periodic and linear terms and are discussed in the next section.
L O N G -P E R I O D I C A N D S E C U L A R S O L U T I O N S
The first terms on the right-hand side of equation (25) have the forms of
where g, q and L are functions of (a, e). All terms of g and q are long-periodic terms and the L terms are the secular effects. The indefinite integrals of equation (33) are then
where n ω and n i are the mean angular velocities of the Keplerian elements (ω, i). Explicitly, equation (33) 
Because of equation (35), the final solutions of equation (12) can be directly derived from equation (32), or explicitly
Selecting the integration interval as the minimum common period of the long-periodic terms, the integrals of long-periodic terms are zero.
Taking the short-period k2π into account, there exists a minimum common interval over which the integrals of all periodic terms are zero.
The most important terms are the secular effects, which are represented in L and are zero except for the following two terms:
Factors h 1 ξ and h 2 ξ have to be multiplied to the two formulae in equation (37), respectively. The integration of equation (37) can be carried out directly with respect to time t (the results of indefinite integrals are equal to h k ξL k t). The term L 1 is obviously a positive term. The term L 2 has the meaning of (squares) differences between the velocities of the satellite and atmosphere, and hence is also positive. Taking the negative coefficient ξ into account, interesting conclusions can be drawn. The atmospheric drag disturbance reduces both the semimajor axis and the eccentricity of the satellite orbit constantly. In other words, the atmospheric effects will linearly reduce the altitude (height) of the satellite and will constantly alter the satellite orbital ellipse towards a more circular orbit. The factor h 2 equals about (1/a)h 1 and L 2 equals about eL 1 ; therefore, the semimajor axis a is linearly disturbed in a strong manner and the eccentricity e is linearly disturbed in a weak manner. Except for the Keplerian elements (a, e), none of the other elements is subjected to secular disturbance from the atmosphere. The Keplerian elements ( , M) are perturbed neither long periodically nor linearly.
S U M M A RY
We have obtained analytical solutions of a satellite orbit disturbed by atmospheric drag. The solutions are approximated to the second order of e 2 through expansions. Using the same principles, higher-order solutions can be similarly derived, if desired. Conclusions are obtained theoretically: the atmospheric drag disturbance will lead to a linear change (a reduction) with time in the semimajor axis parameter a and the shape parameter e of the orbital ellipse. In other words, atmospheric drag will constantly reduce the altitude of the satellite and finally will force the satellite down to Earth. Also, the satellite elliptic orbit will be constantly changed towards a more circular orbit. The semimajor axis a is disturbed linearly in a strong way and the eccentricity e is disturbed linearly in a weak way. The atmospheric perturbation is independent of the Keplerian element , which indicates that the ascending node will be not affected by air drag. Neither the right ascension of the ascending node nor the mean anomaly of the satellite is disturbed by air either long periodically or linearly (or, in other words, and M are both only disturbed short periodically). The analytical solutions derived here show the disturbance effects with very clear spectral properties and may give a direct insight into the physical phenomenon. Some of the atmospheric parameters in ξ can be determined if desired in order to investigate the atmospheric behaviour acting on the satellite. In such a case, the determination of the disturbance effects of the air drag can be carried out with a linear fitting process; this is much easier than using traditional numerical methods.
The intensive formulae given in this paper are in electronic form available upon request (xu@gfz-potsdam.de).
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